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SUMMARY

In this paper we describe a time-splitting method for the three-dimensional shallow water equations. The
stability of this method neither depends on the vertical diffusion term nor on the terms describing the
propagation of the surface waves. The method consists of two stages and requires the solution of a sequence
of linear systems. For the solution of these systems we apply a Jacobi-type iteration method and a conjugate
gradient iteration method. The performance of both methods is accelerated by a technique based on
smoothing. The resulting method is mass-conservative and efficient on vector and parallel computers. The
accuracy, stability and computational efficiency of this method are demonstrated for wind-induced prob-
lems in a rectangular basin.

KEY WORDS Three-dimensional shallow water equations Method of lines Time integrators Stability
Vector and parallel computers

1. INTRODUCTION

In this paper a time-splitting method for the three-dimensional shallow water equations (SWEs)
will be described. The aim of splitting methods is always to split the solution of a large and
complicated system, which arises when applying fully implicit methods to multidimensional
problems, into a few less complicated systems. Well-known splitting methods are alternating
direction implicit (ADI) methods, locally one-dimensional (LOD) methods and Hopscotch
methods.!

For the two-dimensional shallow water equations several of the existing numerical methods
have been based on the ADI method.2’ These ADI methods are unconditionally stable and
therefore allow the use of large time steps. However, for large time steps these methods suffer from
inaccuracies when dealing with complex geometries.* In Reference 5 a two-stage time-splitting
method has been developed in which these inaccuracies are absent even for large time steps.

In this paper we will present a two-stage time-splitting method for the three-dimensional
shallow water equations which has a strong resemblance to the method in Reference 5. We will
use a model for the shallow water equations in which the advective terms have been omitted. The
stability of a numerical method for this model depends on the conditions imposed by the vertical
diffusion term and by the terms describing the propagation of the surface waves (the CFL
condition). In two-dimensional models many methods are known in which the terms describing
the propagation of the surface waves are treated implicitly.>~7 In addition to that, in three-
dimensional models, where a vertical diffusion term is involved, we have to treat the vertical
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diffusion term implicitly to avoid the maximally stable time step becoming too small.® In this
paper we will develop a two-stage method in which the vertical diffusion is treated implicitly at
the first stage, whereas the terms concerning the propagation of surface waves are treated
implicitly at the second stage. It will be shown that the stability of this time-splitting method
neither depends on the vertical diffusion nor on the propagation of the surface waves. For
computational efficiency the Coriolis term will be treated in a semi-implicit way. The Coriolis
term hardly affects the stability, which justifies this simplification.

At the first stage our time integration method requires the solution of a large number of
tridiagonal systems, all of the same dimension. Since the tridiagonal systems are independent of
each other, the solution of these systems can be computed in parallel.®

At the second stage a linearization process is used to iteratively solve the non-linear system.
The linearization is done in such a way that conservation of mass remains guaranteed. Then at
each iteration step a linear, symmetric, positive definite system has to be solved. In the literature a
large number of iteration methods have been proposed for such systems. In this paper we apply a
Jacobi-type iteration method and a conjugate gradient iteration method for the solution of this
system. Both iteration methods will be accelerated by a technique based on smoothing. Applica-
tion of the smoothing matrices reduces the number of iterations considerably. Moreover, the
smoothing matrices are very simple to implement and are highly suited for vector and parallel
computers.

In Reference 5 a two-stage time-splitting method has been developed for the two-dimensional
shallow water equations. It was reported that this time-splitting method is feasible for practical
computations. For this method a major part of the computation is involved in the non-linear
system at the second stage. Since in our time-splitting method the water elevation is the only
unknown in the system at the second stage, this system is of the same (two-dimensional) structure
and thus of the same computational complexity for both two-dimensional and three-dimensional
models. The computation time required by the other parts of our method, i.e. the computation of
the three-dimensional velocity components, is proportional to the number of grid layers in the
vertical direction. Therefore the efficiency of the time-splitting method developed in this paper is
relatively even higher for three-dimensional models than for two-dimensional models.

The accuracy, stability and computational efficiency of our time-splitting method will be
illustrated in the numerical experiments.

2. MATHEMATICAL MODEL

In this section we will describe a mathematical model for the three-dimensional shallow water
equations. The following symbols are used:

C Chezy coefficient

d undisturbed depth of water
f Coriolis term

F, bottom stress in x-direction
F, surface stress in x-direction
g acceleration due to gravity

G, bottom stress in y-direction
G, surface stress in y-direction
h total depth (=d+¢)

N vertical diffusion coefficient
t time



THREE-DIMENSIONAL SHALLOW WATER EQUATIONS 521

u,v velocity components in x- and y-direction

X, y,0 a left-handed set of co-ordinates

wind stress

density

angle between wind direction and positive x-axis
elevation above undisturbed depth.

ﬁ-ebg

We will use a three-dimensional model in sigma co-ordinates in which the advective terms have
been omitted. In this paper we focus on stability conditions imposed by the vertical diffusion term
and by the terms describing the propagation of the surface waves. In future we will develop a
numerical method for a mathematical model in which the advective terms are present.

The mathematical model used in this paper is described by

g’i_ 3 6_{ _1_6(N6u/60) 1)
o VT T e
5_1)_ 6C 1 O(Nov/os)
S gyt o a0 ©
a i} i} 1
E— —a(hj.o uda)—$<hj; vda), (3)
with boundaries
0<x<L, 0<y<B, 12020.

Thus the domain is a rectangular basin. Owing to the sigma transformation in the vertical the
domain is constant in time.% 1 We have the closed boundary conditions

u(0, y, g, £)=0, u(L,y, 0,t)=0, v(x,0, a,t)=0, v(x, B, 6, t)=0.
The boundary conditions at the sea surface (¢ =0) are given by
du v
(W) () b,
and at the bottom (c=1)
Ou ov
—{N—) = —{ N— | =hG,,.
(3 =(52) o
The bottom stress is parametrized using a linear law of bottom friction, which is of the form
Fy=gpuy/C?, Gy=gpuv,/C?,

with u4 and v, the components of the velocity at some depth near the bottom. The surface stresses
are expressed as

F,=W;coso, G,= W;sing.

3. SPACE DISCRETIZATION

For the space discretization of the equations (1)«(3) the computational domain is covered by an
nx - ny- ns rectangular staggered grid. Owing to the sigma transformation we have a constant
number of grid layers in the vertical direction. In what follows U is a grid function whose
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components U, ; , approximate the velocity u. The components U, ; , are numbered lexicograph-
ically. Likewise V, Z, D and H are grid functions for v, {, d and h respectively. Figure 1 shows
the horizontal grid spacing. Note that D, H and Z are only computed at the upper layer.
Furthermore, A,, is a tridiagonal matrix approximating the vertical diffusion term, @, is an
(nx * ny- ns) x (nx - ny) matrix (a row of ns diagonal matrices of order (nx - ny)*> with Ag, on the
diagonal of the kth submatrix), @, is an (nx*ny) x (nx - ny-ns) matrix (a column of ns identity
matrices of order (nx+ny)?), F is a four-diagonal matrix (due to the grid staggering) of order
(nx - ny - ns)* appoximating the Coriolis term, D, and D, are bidiagonal matrices (one diagonal
and one lower diagonal) of order (nx - ny)? approximating the differential operators d/0x and 3/dy
respectively, and E, and E, are bidiagonal matrices (one diagonal and one upper diagonal) with
E.=-D and E,= —DJ. The matrices D, and E, differ because of the grid staggering. We
remark that A,, also contains the discretization of the term 1/ph?.

For the approximation of the spatial derivatives second-order central finite differences are used
in both the horizontal and vertical directions. Now the semidiscretized system can be written in
the form

d Ao'a F _OZng Fu
&W=F(W)= —-F A —0,8E, | W+ | F, |, 4
~©,HE, -©,HD, 0 0

where W=(U, V, Z)T and (F,, F,, 0)T contains the components of the wind stress. Note that the
integrals in (3) are approximated by @, U and @, V respectively.

4. TIME INTEGRATION

In this section we develop a time integration method for the semidiscretized system (4). We apply
a two-stage time-splitting method of the form

wn+l/2=wn+%T[Fl(wn+1]2)+Gl(wn)+cn+1/2]’
wn+1=wn+1/2+%T[F2(wn+1/2)+GZ(wn+1)+Cn+1/2]’ (5)

where C=(F,, F,, 0)T, © denotes the time step and W" is a numerical approximation to W(z) of (4)
at t =n1. Several well-known splitting methods, e.g. ADI methods, can be written in this form. In

CELL(j,}.k)
91 mX|v
! i,k

o e

q,],k r4

Figure 1. The staggered grid in the (x, y)-plane
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this paper we choose

~

A,, 0 O
Fl(wu+1/2)= —F Aaa 0 wn+1/2,
0 0 O
\
r
0 F —0,gD,
GL(W")= 0 0 —0,gE, | W,
| —©.H'E, -0,H'D, 0
(A, F 0
Fz(wn+1/2)= —F A‘w 0 wn+1/2,
0 0 O
0 0 -0,gD,
G*(W"*1)= 0 0 —@,gE, | WL, (6)

—~@,H"*'E, -©,H"*!D, 0

“

Apart from the Coriolis term F, all terms are treated in a symmetrical way. When we neglect the
Coriolis term, the time-splitting method (5)(6) is second-order-accurate in time.

The structure of the resulting systems at both stages determines the efficiency of this time-
splitting method. At the first stage we have to solve the system

1-1zA,, 0 0 U1
1tF  I-4tA,, © vetiz | —gn )
0 0 I Zn+1/2

where B" contains the discretizations at time level ¢ =nz. It is evident that the Z-component can be
computed straightforwardly. For the U- and V-components the implicit treatment of the vertical
diffusion term requires the solution of nx - ny tridiagonal systems of order ns.® For computational
efficiency the Coriolis term is treated in a semi-implicit way. Although an implicit treatment of the
Coriolis term for the V-component (see (7)) prohibits the U- and V-components from being
computed in parallel, we prefer this choice because of accuracy considerations. The results are
more accurate than in the case of a fully explicit treatment of the Coriolis term, especially when
large time steps are used.

At the second stage the terms describing the propagation of the surface waves are treated
implicitly. This system reads

1 0 1:0,gD, | [ Ut
0 1 %t eng,. V"+ t = B"+ 1/2’ (8)
$1®,H"'E, }1@,H""'D, I zn+1

where B** /2 contains the discretizations at time level ¢t =(n+ 1/2)7. The equations for the U- and
V-components are linear and are not coupled with each other. They are only coupled with the
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equation for the Z-component. Therefore the components U"*! and V**! can easily be
eliminated from (8) and a system in the unknown Z"*! results. Thus at the second stage the
continuity equation (3) and the water elevation gradient in the momentum equations (1), (2) are
treated implicitly. This approach was originally proposed in Reference 11 and has been applied
by many others.>™7
We now describe this system for each cell (i, j) of component Z. The grid sizes in the x- and
y-directions are denoted by Ax and Ay respectively. Then the system for Z; ; reads
2
VANSES LA (20 =205 - 5 (2 =20 )]

4(Ax )2 i

2

2[ "+1(Z:I-;-Il-l Zn+1) H:'jll(z’i',+l Zn+11)]

4(Ay
i=1,...,nx
=B%'? for {__ )
j=1,...,ny
where
H'i',j=zzl.j+%(Di,j+Di,j—l)’ ﬁ?,j=z'i',j+%(Di,j+D?+1,j)‘

Note that H and H differ because of the grid staggering. System (9) is a non-linear equation
because H; ; contains the component Z; ;. When system (9) has been solved, the values for the
components U"*! and V"*! can be computed by back substitution.

System (9) can be written in the form

A(zn+l)zn+1___B:+1/2 (10)

where B} * 1/ contains the discretizations at t =(n+ %) for the Z-component. For its linearization
we introduce the process

A(z(a))z(q+1)=B;+1/2 (11)

with Z9=Z"*1/2 1n (11) the upper index (g) denotes the iteration index. The matrix A(Z9)is a
symmetric and strictly diagonal dominant matrix with positive values on the main diagonal and
negative ones elsewhere because we require that D + Z@ (=H@)>0. Thus system (11) is positive
definite. In Section 6 we will discuss iteration methods for the solution of system (11).

It should be noted that the water elevation is the only unknown in system (11). Thus this system
is of the same (two-dimensional) structure and computational complexity for both two-dimen-
sional and three-dimensional models. This is an important feature of the time integration method
(51H6), because for two-dimensional problems a major part of the computation is required for the
solution of this system.

The linearization process (11) was first used by Leendertse.> Conservation of mass remains
guaranteed by this process. A slightly different linearization process has been introduced in
Reference 5. In our numerical experiments (see Section 7) we obtained comparable results for
both linearization processes. The linearization process will be a topic of further research.

5. STABILITY

We now analyse the stability of method (5)+6) with the matrix method. In this section we omit
the Coriolis force and the inhomogeneous term. It is well known that the Coriolis force hardly
affects the stability. In this section we make plausible that the simplified method is un-
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conditionally stable. The stability analysis used here is similar to the one described in Refer-
ence 12. That paper was devoted to a study of the stability and convergence properties of the
Peaceman—Rachford ADI method when applied to initial boundary value problems, including
non-linear ones.

Since we have omitted the Coriolis force and the inhomogeneous term, we have that (cf. (6))

Fl (W")=F2(W")=A"W", GI(W")=G2(W")=B"W",
where
A,y 0 O 0 0 —0,gD,
A= 0 A, O, B" = 0 0 —0,gE,
0 0 0 -@,H"'E, —0,H"D, 0

Then method (5}6) can be written in the form
W l=(1—4tB"* ) 1 (I+ 41 A" V2) A -4 AT 12) " L (T + 41 B) W™, (12
Let us now define the amplification matrix
C"=(I—%TB"+1)—1(I+%TA"+ 1/2)(1—%1A"+1/2)-1(I+%T.'B").

In order to guarantee that method (12) is stable, we have to require |[]7=4 C'|| to remain
uniformly bounded for all values of n and t such that

n—1
[nc

i=0

<K for 0<nt<T and K constant.!? (13)

Let us now verify this condition for the numerical method (12). We have that

n—1
[] | <1478 | 1A+3 A" V) Ao 1)
i=0

n-2
x [T 1@+37B* )~ @ —$tB* ) A+57A V2) A —37A12) 71| | 1+37B°.
i=0
It can be verifed that both the matrix A” and the matrix B" have their eigenvalues in the left half-
plane. The eigenvalues of the matrix A" are even real non-positive. Therefore we have that
[@+3eB A1) <1 and  J@+3TAM)(I-31AT2) 7T
for i=0,...,n—1.

Using these relations, we obtain that

n—1

[]

<[ (@—$B") ' {I+$7B%)|.

It is evident that only the explicit part (I +4tB°) may cause problems. In general, it is not possible
to find an upper bound for | (I+3tB%)|. In such a situation we may stabilize our integration
method by computing the first approximation W! by the backward Euler-LOD method and
apply method (12) for n> 1. This technique has been proposed in Reference 12. We thus consider
the method with first time step

Wi=(—47B!) ' [—-171AY2) "1 WY, (14a)
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and for n>1,
WHl=(I—4tB* ) LI+ 47A V2 I~ 1A V)" YT + LB W™, (14b)

On a fixed space grid the LOD method (14a) is only first-order-accurate in time, but since we only
perform one LOD step, method (14) is still second-order-accurate on fixed space grids. Using
method (14), we obtain that

n—1
Il Ci"< IA—37B") 7 | I A+37AY2) 7]
i=0

Now condition (13) is satisfied. We have no practical experience with method (14). In the
numerical experiments no large errors were found in the original method (12) even for very large
time steps. Thus there was no need for stabilization. In Reference 12 the authors advise the use of
one or more LOD steps in situations where the initial values contain large errors. This might
occur when experimental data with significant errors are used as initial values.

6. SOLVING THE LINEAR SYSTEMS

In this section we describe how the linear systems at both stages, i.e. system (7) and system (11),
are solved. At the first stage we apply the Gaussian elimination (double-sweep) method for the
solution of the tridiagonal systems. Since this is a recursive method, it seems to be unattractive on
vector and parallel computers. However, we make use of the fact that a large number of
tridiagonal systems of the same dimension have to be solved. In Reference 9 the computational
efficiency of this approach has been demonstrated on vector and parallel computers. Moreover,
this method requires a minimal number of operations.

At the second stage we have to solve the linear, symmetric system (11). In the literature a large
number of iterative methods have been proposed for such systems. Here we will apply a Jacobi-
type method and a conjugate gradient (CG) method. Both methods will be accelerated by a
preconditioning technique. Before discussing the iteration methods, we first consider the pre-
conditioning.

The essence of preconditioning is the determination of a matrix S such that the system

SAZ*1=SB

has a much smaller condition number than the original system AZ?*!'=B. For the pre-
conditioning of system (11) we will use a smoothing matrix S of the form S = P(D), where P(z)is a
polynomial and D is some matrix. The matrix D will be a difference matrix of which the
eigenvalues are assumed to be in the interval [ — 1, 0].!* The polynomial P(z) will be chosen such
that P(0)=1 and the eigenvalues of S are in the interval [0, 1]. First we discuss the choice of the
matrix D. In our theoretical considerations we assume that D is equal to the normalized matrix A,
ie.

D=A/p(A), (15)
where p() denotes the spectral radius. We emphasize that in practice it is generally not attractive
to choose D according to (15) and we shall employ some cheap approximation to the normalized
matrix. If D is defined according to (15), then the eigenvalues of SA=P(D)A are given by
p(A)zP(z), where z runs through the spectrum of D. Now we are looking for a polynomial such
that the magnitude of zP(z) on [—1,0] is sufficiently small. In this paper we choose the
polynomial!?

132‘,_1(z)=k1j1 (1 + #w) T, (x)=cos [peos~* (x)]. (16)
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It has been proved that the spectral radius of the matrix SA is minimized by the polynomial (16)
when the matrix A has real non-positive eigenvalues and u=1.1* For u=1 we have that (16) is
equal to
Ty(1+2z)—11
Pz«—1(z)=TE~

The factorization in (16) makes it possible to implement the smoothing operator S in a very
efficient way. This is stated in the following theorem.

a7

Theorem 1
Let S=P(D) with P(z) defined by (16) and let the factor matrices F; be defined by
F;=1+uD;, where D;,,=4D;(I+D;) with D,=D and j>1 (18)
Then S=P,,_, (D) can be factorized according to
S=F,F,_,...F,. 0 19)

Thus the smoothing matrix S consists of g factor matrices. For a proof of Theorem 1 we refer to
Reference 15.

The most efficient implementation of S is based on the factorization property in Theorem 1.
However, in two or more dimensions the precomputation of the factor matrices F; defined by (18)
is not attractive. Therefore we consider an alternative smoothing matrix S which consists only of
one-dimensional operators. For our two-dimensional problem (11) we apply one-dimensional
smoothing in the x- and y-directions successively. An extra advantage of the splitting in one-
dimensional operators is that the application of the smoothing operator S is now hardly
complicated when the domain is irregular.®

As mentioned before in practice we shall choose D equal to some cheap approximation of (15).
Since the smoothing matrix S consists of one-dimensional operators, we choose

[ —1 1 0 )
1 -2 1
D=(1/4) S . (20)
1 -
[ o 1 -1 |

If the factor matrices of (19) are computed in advance, then the evaluation of P(D) only requires
q matrix—vector operations. Moreover, the factor matrices exhibit a regular pattern which can be
exploited for an efficient implementation. For example, applying Theorem 1 for matrix D in (20),
we find the factor matrices

i
3
f;l 0 2 1 1 0

1 201
F,=(1/4) , F,=(1/9 (1 0 2 0 1 , ete. (1)
{21 10201
0 1 3]

Evidently the matrix—vector multiplications with these essentially three-diagonal factor matrices
are extremely cheap, especially on vector computers.
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We shall now discuss the application of the Jacobi-type iteration method and the CG iteration
method to system (11).

6.1. The smoothed Jacobi method

For the solution of system (11) we apply the smoothed Jacobi method**
zk+1=Zk+wS(B—AZk), k=1,2, 3, IR (22)

where Z, is the kth iterate, w is a relaxation parameter and S is the smoothing matrix described in
Theorem 1 with D as in (20). For the smoothed Jacobi method we choose u=1 (see (18)). As
mentioned in the previous section, the smoothing matrix S consists of ¢ smoothing factors. It has
been demonstrated that one should not iterate with a fixed value of g.'* Therefore we choose the
number of smoothing factors at the kth iteration step equal to kmod(g+ 1), which yields the
cyclic sequence of 1,2,...,4,0,1,2,...,4,0,1,2,...,4q,...smoothing factors.

Let us now examine how the relaxation parameter w should be chosen. For the spectral radius
of A we have

2 .L.Z

p(A)z1+gHmnx<W+'(X;})_z_>’ with Hmax= max (Hi,j)'

1€isnx
1<j<ny

Similarly, for the spectral radius of SA we have that

(SA)~1+LgH v LT
PORE g e\ Ty )
Following the analysis in Reference 14, we obtain
w=2/p(SA). (23)

However, in our case we do not choose w fixed for each component Z;. ;. We make w dependent
on the local depth, i..

ol 1etom (B4 E 24
@, = +5a9H.; (ij—)zWLW . 29

In the case of a fixed relaxation parameter we observed in our experiments that (23) was the
optimum relaxation parameter. However, we obtained much better results with the relaxation
parameter in (24) when an irregular bottom topography was used. .

6.2. The smoothed CG method

The second iteration method that we applied for the solution of system (11) is a preconditioned
CG method. The preconditioned CG method can be formulated as follows.

Let Z, be an initial guess for Z@*! and

RO=B—AZO, P0=SR°.
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For k=0, 1,2, . . . until convergence,

,. - RE(SR)
*“ P](AP,)’

2y =2, +o,Py,
Rk+ 1 =Rk-—a,‘APk, (25)

P _RY.1(SRy+,)
*” RISR,) ’

Piv1=SRy, + 8P,

In (25) the ‘matrix S denotes the preconditioning matrix. It is well known that the un-
preconditioned CG method can be implemented efficiently on vector and parallel computers, but
in general the preconditioned version is much more troublesome. In the literature various
techniques for the construction of a suitable preconditioning matrix have been proposed.!® Here
we choose a positive definite matrix S of the form S = P(D), where D is the difference matrix in (20)
and P(z) is the polynomial (16). By choosing u€[0, 1) we obtain that S is positive definite. This
preconditioning matrix can be implemented efficiently on vector and parallel computers, because
only matrix—-vector operations are involved. The convergence is improved by this precondi-
tioning matrix since the condition number of SA is much smaller than that of A. It should be
noted that this preconditioning matrix S is independent of A, whereas in general the pre-
conditioning matrix S is some approximation to the inverse of A.

7. NUMERICAL EXPERIMENTS

In this section we illustrate for a number of test problems the accuracy and the computational
aspects of the time integration method (5)-(6). In the test problems the water is initially at rest and
the motion in the closed basin is generated by a periodic wind stress. Thus a wind-driven
circulation is gradually developed.

The following parameter values are used in all experiments:

f=044/3600=1-22x 10"4
g=981ms™?2
N=0065/p

p=1025kgm™3

@ =45° (north-eastern wind).

The experiments have been carried out on an ALLIANT FX/4. This mini-supercomputer consists
of four vector processors. In all experiments we have used both the vector optimization and the
parallel optimization.

At the end of the integration process the numerical solution was compared with a reference
solution computed on the same grid with =60 s. The reference solution may be considered as an
almost exact solution of our semidiscretized system (4). Thus the accuracy results listed in this
section represent the error due to the time integration.

In the experiments we used a rectangular basin of 400 km by 800 km with different bottom
topographies. For the grid sizes we have chosen Ax =10 km, Ay =10 km and Ag =0-2 m. Thus the
computations have been performed on a grid with nx =41, ny=81 and ns=S5. We integrated over
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a period of 5 days with the time-dependent wind stress

. 2nt

Thus we have a periodically varying (north-eastern) wind with a period of 24 h. To measure the
obtained accuracy, we define

ERR-x: maximal global error for component x, with x={, u or v,
compared with the reference solution at the end point 7=120h. 27

In the first experiment we have a plane bottom with a depth of 45 m., except for a deeper
channel in a diagonal direction (depth 65 m). This is shown in Figure 2. In the second experiment
we use a basin with an inclined bottom of a depth of 20 m at one end and 340 m at the other end
(see Figure 3).

In Table I we list the maximal global errors for the test problem with a channel in a diagonal
direction. In this experiment the maximal values for {, u and v are about 26 m, 0-4 ms~! and
1'1 ms™" respectively. We observed that after a few days the solution became periodic with a
period of 24 h for any time step 1. For the largest time steps the accuracy results seem to be
unacceptable. However, a careful examination of the integration process shows that even in the
case of large time steps the maximal and minimal values of the periodic numerical solution are
very close to the extreme values of the reference solution. The differences are of the order of a few
centimetres. Thus our integration method hardly introduces a dissipation error. However, for the
large time steps, errors in the phase of the periodic solution appear. For example, in the case of
1=4800 s the phase error is about 1 h. When we compare the numerical solution computed with
7=4800s at T=121-33 h with the reference solution at 7=120 h, the maximal global errors for

45 m
800 km.
65
m,
45 m
400 km.
Figure 2. Plane bottom with a channel Figure 3. Inclined bottom

Table I. Test problem with a channel in a diagonal direction

T ERR-{ ERR-u ERR-v
(s) (m) (ms™1') (ms™!)
600 0038 0-006 0018
1200 0-087 0014 0-041
2400 0212 0035 0-103

4800 0-549 0-088 0-269
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the three components are 0-124 m, 0-050 ms ™! and 0-054 ms™* respectively. This is significantly
less than in Table I.

We now discuss the computational efficiency of the time integration method (5), (6). To
represent the results we use the following notation:

q number of smoothing factors (see (19))

u smoothing coefficient (see (16))

TOTAL total computation time

ITER computation time for the iteration process

PREC computation time for the preconditioning

# ITER number of iterations averaged over the integration steps
CONV convergence factor averaged over the integration steps.

At each integration step the convergence factor is defined by (r(k))*’*, where k is the smallest value
for which the residue (see (10)

r(k)=|B;* "2~ AZ, ]|,

drops below a certain tolerance. In the experiments we required that r(k) <1073,

In Table II we list the computation times and the convergence results for the time integration
method (5)(6) in which either the smoothed Jacobi (SJAC) method or the smoothed CG (SCG)
method has been applied. For both iteration methods we vary the number of smoothing factors.
The case ¢g=0 corresponds to the unpreconditioned case. For the parameter u in the pre-
conditioning matrix of the SCG method we experimentaily derived an optimum value. As
mentioned in Section 6.1, for the SJAC method we have u=1.

In the case of a time step of 4800 s we have listed the results for various values of g. When no
preconditioning is applied, the Jacobi method converges extremely slow in this case. However, by
applying four smoothing factors the number of iterations is reduced by a factor of 18, while the
computation time for the iteration process is reduced by a factor of 5:5.

Table II. Computation times for the channel problem

T Method q ! TOTAL ITER PREC #ITER CONV
® 0 ®) ®)

600 SCG 0 3956 703 0 30 0-23
SJAC 1 4730 1488 215 84 0-56
1200 SCG 0 2335 69-8 0 92 0-60
SJAC 2 3182 1547 477 17:0 072
2400 SCG 0 169-5 875 0 260 0-81
1 09 156-8 751 254 141 0-68
2 075 161-3 79-5 379 11-4 0-61
SJAC 3 2201 1377 509 263 0-81
4800 SCG 0 1553 1147 0 754 091
1 0925 1189 719 282 312 0-80
2 0-85 1099 69-5 358 219 0-74
SJAC 0 8271 7867 0 869-6 0-99
1 5173 4773 1002 2972 098
2 2790 2382 750 1158 094
3 1931 151-8 64-1 550 0-88
4 1842 143-8 621 486 0-86
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When no preconditioning is applied, the CG method has a much better convergence behaviour
than the Jacobi method. For the CG method it is even better to apply no preconditioning in the
case of small time steps, since the number of iterations is already very limited. However, for large
time steps both the number of iterations and the computation time are reduced when the
preconditioning is applied.

In Table II we have listed the optimum values for u. For values in the neighbourhood of the
optimum value the number of iterations hardly increases. Thus the choice of the parameter x in
the preconditioning matrix S of the SCG method is not critical. In this experiment the SCG
method requires less computation time than the SJAC method.

In Table I1I we list the maximal global errors for the test problem with an inclined bottom (see
Figure 3). In this experiment the maximal values for {, u and v are about 12 m, 0-7ms™! and
1-4 ms~! respectively. The results are comparable with the results in the first experiment. After a
few days the numerical solution also became periodic with a period of 24 h for any time step t.
However, in this experiment the phase errors are much smaller.

The computational results in this experiment, which are listed in Table IV, are also comparable
with the results of the first experiment. Both the number of iterations and the computation time
for the iteration process are reduced when the preconditioning is applied. As in the first
experiment, the SCG method requires less computation time than the SJAC method.

In the experiments we used both the vector and the parallel optimization of the ALLIANT
FX/4. For both iteration methods the computation time was reduced by about a factor of three

Table III. Test problem with an inclined bottom

T ERR~{ ERR-u ERR-v
®) (m) (ms™?) (ms™*)
600 0016 0-005 0-003
1200 0018 0-008 0-005
1800 0035 0012 0-009
3600 0-122 0032 0034

Table 1V. Computation times for the problem with an inclined bottom

T Method q " Total ITER PREC #ITER  CONV
s) ®) s )
600 SCG 0 4322 1081 0 74 0-49
SJAC 1 5704 2412 414 158 068
1200 SCG 0 3266 1639 0 244 075
SJAC 2 4135 2483 719 282 077
1800 SCG 0 2715 160-0 0 397 084
1 085 2537 1439 481 227 073
SJAC 3 3575 2479 100-3 384 081
3600 SCG 0 276-1 221-3 0 109-9 092
1 09 193-8 1412 516 473 082
2 08 240-2 1864 919 450 082
SJAC 4 2575 2030 914 486 0-82
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Table V. Computation times for different numbers of vertical layers

ns TOTAL ITER PREC #ITER CONV

) ) ©)
1 847 765 260 28-5 0-79
2 94-2 771 272 302 0-80
5 1189 779 282 312 0-80
10 160-1 80-5 285 316 0-80
25 2785 813 290 319 0-80

by the vectorization and also by a factor of three by the parallel optimization. However, not only
the computation time for both iteration methods but also the computation time for our
integration method (5){6) was reduced by the above-mentioned factors. This shows that our
integration method (5)6), in which either the SCG method or the SJAC method has been applied,
can be implemented efficiently on vector and parallel computers.

We now carry out an experiment in which we vary the number of layers in the vertical
direction. Our aim is to illustrate the efficiency of the time integration method (5)(6) for three-
dimensional shallow water problems. We have chosen the bottom topography of the first
experiment (i.e. a plane bottom with a deeper diagonal channel) and a time step of 4800 s. The
SCG method is used with g=1 and u=0925 (see Table II). Table V presents the computation
times and the convergence results for different numbers of grid layers in the vertical direction. The
number of vertical grid layers is denoted by ns.

Since the system that we have to solve at the second stage is of the same computational
complexity for both two-dimensional and three-dimensional problems, the results in the last four
columns are more or less constant. Thus the computation time required for the solution of this
system is independent of the number of vertical grid layers. In the two-dimensional case
(i.e. ns=1) a major part of the computation time is required for the solution of the system at the
second stage (about 90%). However, for three-dimensional experiments the computation time
for the solution of the system at the second stage becomes relatively less. For example, in the
case of ns=10 about half the computation time is required for the solution of this system. This
percentage depends on the time step used. In this experiment we used a rather large time step. For
smaller time steps the percentage of computation time required for the solution of the system is
significantly less. In conclusion, the time integration method (5)+6) is very suited for three-
dimensional problems, especially when large time steps are used.

8. CONCLUSIONS

In this paper we have presented a two-stage time-splitting method for the three-dimensional
shallow water equations. The method has been developed in such a way that its stability neither
depends on the vertical diffusion term nor on the terms describing the propagation of the surface
waves. At the first stage a large number of tridiagonal systems of the same dimension have to be
solved. At the second stage the system to be solved is symmetric, five-diagonal and positive
definite. For the solution of the latter system we have developed a smoothed Jacobi (SJAC)
method and a smoothed CG (SCG) method. Both methods have been accelerated by a technique
based on smoothing. The smoothing matrices have been chosen in such a way that the number of
iterations was moderate in all cases. Moreover, the smoothing matrices can be implemented
efficiently on vector and parallel computers, because only matrix—vector operations are involved.
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It should be noted that the smoothing matrices for the CG method are independent of the system
to be solved. In the experiments the SCG method required less computation time than the SJAC
method.

It has been shown that the time integration method presented in this paper is very suited for
three-dimensional problems. When we apply our method to two-dimensional problems, the
system to be solved at the second stage is the most time-consuming part. In three-dimensional
models the same amount of computation time is required, because this system is independent of
the number of grid layers in the vertical direction. The computation time for the other parts of the
method is proportional to the number of vertical grid layers. Therefore the time-splitting method
is relatively more efficient for three-dimensional problems than for two-dimensional problems. It
was reported that a time-splitting method of this form is already feasible for practical com-
putations of two-dimensional problems.’

Finally, the method is mass-conservative and can be implemented efficiently on vector and
parallel computers.
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